I. INTRODUCTION
Production and study of the properties of isotopically enriched substances are one of the crucial problems of contemporary material science involving in itself the increasing number of researchers. Owing to the achieved level of purity of many substances, their properties are substantially determined by the isotopic composition.
Development of the technology of high-purity monoisotopic single crystals production allows one to study the influence of the isotopic composition on physical properties, in particular on the electronic, phonon, and Raman spectra and the refractive index dispersion. This is important both for verification of existing theoretical models and filling them with more correct values of used parameters, and for calculation of parameters of nextgeneration devices developed on their basis.
Crystalline silicon is known to be the basic material of microelectronics and solar energetics. Besides, it is also an attractive optical material with high transmission in the near-to mid-IR spectral range. In recent years silicon photonics grows rapidly, which is expected to find application in future optical fiber communication and information transfer systems. Monoisotopic silicon is considered to be the basic component of quantum computers [1] .
Formerly silicon refractive index was measured repeatedly in various spectrum ranges by many laboratories and companies (see e.g. [17] [18] [19] [20] [21] ). The papers [17, 18] seem to be the first in this field. The analysis of more than 50 papers made in 1980 [19] showed the data available to be scattered widely, but allowed to derive certain averaged spectral dependence for silicon refractive index which is rather often referred to. Unfortunately, in the * E-mail: victor@fo.gpi.ac.ru majority of published papers devoted to silicon refractive index measuring, the crystals used for this purpose are characterized neither in purity, nor in conductivity, both influencing the measurement results.
In this paper we present the results of measuring the room-temperature transmission spectra in the shortwavelength edge and phonon absorption regions, the Raman spectra excited by the 514.5 nm Ar laser line and the refractive index spectral dependence in the near-, mid-, and far-IR spectral ranges in silicon single crystals with natural isotopic composition, nat Si, and silicon isotopes 28 Si, 29 Si, 30 Si with the basic isotope content above 99.9 at.% prepared by the same technology. A short note on fabrication of these single crystals and refractive index measurements in the 1.06 . . . 25.5 µm range has been published recently [2] .
II. PREPARATION OF SINGLE CRYSTALS AND SAMPLES FOR MEASUREMENTS
Polycrystalline silicon was prepared by thermal decomposition of monosilane enriched in one of the silicon isotopes as described in [3, 4] . The decomposition was proceed on a graphite substrate surface at 800
• C. After a few mm thick layer was deposited, polycrystalline silicon was separated from the graphite substrate, remelted to form a rod, and purified by 10 float zoning passes. Then this monoisotopic silicon rod was used as a substrate to deposit the polycrystalline silicon layer till an ingot of a required diameter was obtained.
To minimize the effect of isotopic dilution by a seeding material, a special growth procedure [5] was used. Preliminarily a single-crystal seed with the isotopic composition gradient in length was grown by drawing at the end of mono-isotopic silicon ingot of a cylindrical site with a diameter not exceeding that of a seed from sili- [6] . The isotopic composition of the crystals was determined by mass spectrometry [7] with an accuracy better than 0.01 at.% (Table I) . Comparison with the data reported in [8, 9] indicates that our crystals are more isotopically enriched and offer higher chemical purity and resistivity.
Structural perfection of the crystals was evaluated using X-ray diffraction and selective etching. No orientation disorder, low-angle boundaries or twinning regions were detected in the single crystals grown. The halfwidth of their rocking curves was 11 . . . 12". The roomtemperature resistivity of the crystals was found to be 100-200 Ω × cm. According to mass spectrometric measurements, the contents of 72 impurities was below the mass spectrometry detection limit ( 10 −5 . . . 10 −6 at.%) [10] .
2 . . . 3 mm-thick plates were cut perpendicularly to the growth axis of the cylindrical samples prepared. Then the plates were ground and polished with various flatness degrees for measuring the transmission spectra without interference at 2 cm −1 resolution (to analyze the presence of impurity absorption bands and intrinsic bands shift in the two-phonon absorption range) and with interference at 0.1 cm −1 resolution (to measure the refractive index spectral dependence). Samples for the refractive index measurements had the surface flatness better than 1/10 of Newton's fringe (λ = 546 nm), parallelism of sides better than 1'', and the surface finish class of 60/40.
III. TRANSMISSION SPECTRA
The transmission spectra of crystalline silicon without interference were measured on Lambda 900 spectrophotometer in a short-wavelength range (0.9 . . . 1.6 µm) and on Bruker IFS-113v Fourier-transform vacuum spectrometer in a longer wavelength range (1 . . . 90 µm). The analysis on the presence of impurity absorption bands in the transmission spectra measured in conformity with the ASTM standards F-1188 and F-1391 [11] proved oxygen and carbon contents to be less than 5 × 10 15 cm
in all the samples under investigation.
In the 1 to 3 mm thickness crystals the tendency to the transmission edge shift to higher frequencies with isotope atomic mass increasing was observed in the shortwavelength transmission edge region at room temperature. However, the shift value of 1 meV/a.m.u. was comparable with the experimental error.
The M −1/2 dependence of the band gap, E g , was shown in [12] to be more probable for T < 50 K, since due to lattice expansion and electron-phonon interaction E g decreases linearly with T growing in the roomtemperature region (∼ 294 K). Measurement at 16 K of the transmission spectra of our silicon samples showed that with atomic mass increasing the absorption edge shifts to the high-energy region. The shift was found to be ∓ (1.8 ± 0.3) meV in 28 Si and 30 Si relative to 29 Si. The indirect transition energy determined from the optical absorption edge was found to depend on the average atomic mass as M −1/2 . The shift ∼ 1.5 meV measured in the present work at 16 K turned out to be somewhat higher compared with 1 meV derived from the luminescence spectra in [12] .
In the phonon absorption region (5 . . . 30 µm) a shift of all absorption bands to longer wavelengths was observed, which had been seen previously in isotopically enriched silicon single-crystal samples with a smaller isotopic enrichment [13] .
IV. RAMAN SPECTRA
The Raman spectra of all produced single crystals were measured on a T64000 triple spectrograph in a backscattering geometry at room temperature. The 514.5-nm argon laser line was used as an incident radiation. The scattered radiation was detected by a liquid nitrogen-cooled CCD matrix. The spectra were gathered in 0.7 cm −1 steps. Spectrograph was calibrated using radiation in Ar laser and Hg lamp lines.
The Raman band corresponding to first-order scattering by Γ 15 symmetry phonons was observed in spectra of all the single crystals (showed as circles in Fig. 1a ). The band turned out to be well fitted by a Lorentzian with width 3.3 . . . 3.4 cm −1 for 28 Si, 29 Si, 30 Si and 3.7 cm −1 for nat Si (solid lines in Fig. 1a ). This is an evidence of high structural perfection of the mono-isotopic single-crystal samples.
The peak position, Ω, of this Raman band is plotted vs. atomic mass, M i , in nat Si sample falls slightly above the fitted line, the band being wider than in mono-isotopic samples. This is attributable to both anharmonicity related to different atomic masses of isotopes and to worse structural perfection of nat Si crystal in comparison with the mono-isotopic ones (see further).
V. REFRACTIVE INDEX A. Measurements
To measure refractive index we used the improved method of interference refractometry [14] [15] [16] . In this method firstly the order, m, of the interference maximum is determined with the absolute accuracy from the peak position, ν m , in the interference transmission spectra of plane-parallel plates cut from the studied material, and then the refractive index value, n (ν m ), is calculated all over the interference transmission range measured using the expression
The measurements were performed for plane-parallel plates of three thicknesses (from 0.8 to 1.2 mm) cut from silicon samples of all the isotope compositions using Bruker IFS-113v Fourier-transform vacuum spectrometer in 9500 . . . 110 cm −1 wavenumber range (1.05 . . . 90 µm wavelength range) with 0.1 cm −1 resolution. The diameter of a radiation beam transmitted through the samples did not exceed 3 mm. At least twenty data points were obtained for each interference maximum. The plates thickness was measured on DG-30 holographic submicrometer with the accuracy better than 0.05 µm. During transmission spectra and thickness measurements sample temperature was hold to be 21.2 ± 0.05
• C. Fig. 2 shows the refractive index spectral dependences over the entire measurement range for all the single crystal samples studied. As well the most frequently cited literature data for silicon single crystals with a natural isotopic composition [17] [18] [19] [20] [21] are shown. As evident from Fig. 2 , the scatter of the refractive index data for silicon with a natural isotopic composition exceeds considerably the difference in the refractive index values of mono-isotopic silicon single crystals.
With silicon isotope atomic mass increasing, the refractive index spectral dependences measured by us far from electron and phonon transition edges shifts downwards. As an example, the refractive index values of the silicon single crystals are listed in Table II It is known that two-phonon lattice absorption bands at 16.4 µm (610 cm −1 ) with the maximum intensity of 9 cm −1 are observable in the 6.7 . . . 20 µm (1500 . . . 500 cm −1 ) spectral range in the spectra of 1 . . . 2 mm-thick silicon samples. According to [22] , those should give rise to well-distinguished features in the re- our measurments for silicon samples (a) 28 Si, (b) nat Si, (c) 29 Si, (d) 30 Si; the literature data for silicon crystals with natural isotopic composition (i) [17] , (h) [18] , (g) [19] , (e) [20] , (f) [21] . fractive index dispersion. The transmission spectra measured with 2 cm −1 resolution for all 1.2 mm-thick silicon crystals are shown in Fig. 3 (a) . Fig. 3 (b) presents the variation of the crystals refractive index measured by us in this spectral region. The absorption band shift to longer wavelengths with silicon isotope atomic mass increasing and the anomalous behavior of refractive index dispersion well-conforming to the classic Lorentz theory are clearly seen. As far as we know, we managed to observe such a refractive index spectral behavior in the region of so low absorption (less than 10 cm −1 ) for the first time. For example, in [20] (line e in Fig. 2 ) the interference refractometry method was used as well to measure the refractive index of n-type silicon (phosphorus-doped with 3 . . . 4 Ω × cm resistivity) in 2.43 . . . 25 µm wavelength range at 26
• C. However, no peculiarities in the two-phonon absorption region were revealed. In the first approximation, the uncertainty in the refractive index values was attributed by the authors of [20] to the uncertainty in sample thickness (1 part per 10 4 ), which, in our opinion, is quite enough to observe the changes in the spectral dependence of silicon refractive index shown in Fig.3 (b) .
The refractive index values calculated from the transmission spectra are conventionally approximated by analytical formulas allowing one to preserve the experimental accuracy of refractive index determination. The Sellmeier or Herzberger formulas are often used to approximate the refractive index spectral dependence. However, our studies show that the application of generalized Cauchy dispersion function [23] allows us to reduce the root-mean-square deviation of the approximation from the calculated refractive index values by several times. Therefore we used it to fit the experimental data: Here ν is the wavenumber, ν [cm
. Due to the presence of phonon absorption lines, the range of refractive index approximation was subdivided into four parts. This allowed us to reduce considerably the root-mean-square deviation between the measured and approximated refractive index values and to bring it to the level not exceeding 1 × 10 −4 . The coefficients of Cauchy approximation (2) for refractive index of all silicon single crystals corresponding to the best fit to the experimental results, are given in Tables III-VI . The values of mean-square deviation for all approximation ranges are listed at the foot of the tables. As an example, the spectral dependence of the difference between the calculated refractive index for 30 Si single crystal and its approximated values is shown in Fig. 4 . It is seen that the deviation of the approximation from the calculated refractive index values does not exceed 5 × 10 −5 in a sufficiently wide range. However, with the wavelength exceeding 16 µm the accuracy of peak position determination decreases owing to noticeable growth of noise in the transmission spectra. Accordingly, the accuracy of the refractive index calculation is reduced.
Comparing our results to the data published, we found that the refractive index values closest to ours for natural silicon are given in [21] . In that work measurements were carried out by the prism method with 1×10 −4 relative accuracy at several wavelengths in the 1.1 . . . 5.5 µm range at temperature from 20 to 300 K. The results obtained were approximated by the Sellmeier formula.
B. On the origin of the dispersion curve shift
The observed shift of the dispersion curve is easily understood using classic models of a lattice of oscillators with dipolar coupling [24, 25] . Neglecting the spatial dispersion the dielectric constant of a cubic lattice is expressed in this model by the equation
where M i is the atomic mass of i Si isotope, E g (M i ) is the band gap (fundamental absorption short-wavelength edge energy), Ω (M i ) is the phonon frequency (fundamental absorption long-wavelength edge energy), α i and β i are the model parameters representing two types of oscillators corresponding to the electron and phonon fundamental absorption edges, respectively. With no absorption, the refractive index equals to n (ω) = ε 1/2 (ω). The fundamental absorption edge energies depend on isotopic composition and for an isotopically pure crystal can be expressed as [26] [27] [28] :
where M nat is the average atomic mass of natural silicon, {exp (Ω (M i ) /T ) − 1} −1 is phonon Bose distribution function, Ω 0 is the model parameter. According to [27] , E B ≈ 28713.3 cm −1 , a B ≈ 967.9 cm −1 . The oscillator parameters, α i and β i , depend on isotopic composition as well. First, both parameters depend on the lattice constant as a −3 0 and a 0 is known to change with isotopic composition (see e.g. [29] ). However, this dependence is negligible in the qualitative model under consideration. Second, in the case of silicon the phononrelated parameter, β i , describes the IR absorption due to two-phonon transitions and hence depends on the atomic mass as β i ∼ M −2 i [30] . Therefore where α 0 = const, β 0 = const. Thus, with Si atomic mass increasing, the electronic absorption edge shifts to shorter wavelengths, and the phonon absorption edge shifts to longer wavelengths. As a result, the dispersion curve of the refractive index in the transmission window should shift downwards without considerable changes in shape, as observed in our experiments.
VI. ACCURACY ANALYSIS
To measure the refractive index precisely by interference refractometry, the orders, m, of interference maxima should be determined with absolute accuracy. For this purpose we used the relation following from expression (1) written for two samples of different thickness, h 1 and h 2 , with interference orders m 1 (ν) and m 2 (ν), respectively:
If sample thickness is known with absolute accuracy, the constant in the right side of this equation turns to zero for a certain relation between m 1 (ν) and m 2 (ν). However, usually the sample thickness can be measured with some finite accuracy resulting in non-zero value of this constant [16] . Moreover, if the transmission spectra of the samples of different thickness are measured at different temperatures, spectral dependence of the left side of equation (3) will be affected by the temperature dependence of the refractive index of a material. However, if one makes a wrong choice of the maxima orders at least by 1, the spectral dependence of the left side of equation (3) will explicitly differ from constant as evident from Fig. 5 for two nat Si samples. Minimization of the right side of dependence (3) allows us to determine uniquely the maxima orders for each pair of samples. Additionally, the procedure of interference orders determination becomes simpler if the formula (1) is considered to be valid not only for the maxima but as well for all other points of the spectral transmission curve for which m (ν) values are not integer. One should use a linear approximation for m 1,2 frequency dependence in the interval between two nearest maxima (according to our calculations such an approximation is valid with the accuracy about 10 −6 for 1 . . . 3 cm −1 distance between the maxima) and increase the corresponding order by 1 passing over the next maximum. In this case the application of the (1) criterion becomes a simple search of orders corresponding to a given frequency in the transmission spectra of sample pairs, since the set of frequency values is the same for all spectra.
In the method of interference refractometry the error of the refractive index calculation depends on determination errors of all the variables occurring in the formula (1). If Fourier-transform spectrometer with the wavenumber precision better than 0.01 cm −1 is used, this error is mostly contributed by the sample thickness measurement error, ∆h. The corresponding error in silicon refractive index is equal to ∆n = −n∆h/h. If ∆h = 0.05 µm and values of m are determined precisely for all interference maxima, one gets ∆n ≈ 2 × 10 −4 on average for the only ∼ 1 mm-thick sample used.
Using of two and more samples allows us to reduce this error due to the correlation of the refractive index values determined for all samples over the entire measurement range. Assuming the refractive index values to be identical for all the samples within the entire measurement range, we can analyze the influence of accuracy of the used thickness values on the final result of measurements and "correct" these thickness values. Analysis of the discrepancy between the "corrected" and initially used thicknesses provides an idea of how well the samples are prepared and measurements are made. Correction of thickness values (h i , i = 1, 2, 3 in the case of three samples) is performed by orthogonal projecting in the (h 1 , h 2 , h 3 ) space the point with coordinates equal to these thickness values on a straight line representing solution of the following set of equations for all pairs of samples
The refractive index values scatter, ∆n i , for sample of thickness h i is obtained immediately from the relation where n i is the "averaged" refractive index value, ∆h i is the difference between the "corrected" and initial thickness. Table VII lists sample thickness measured on submicrometer at 21.2
• C and the thickness values corrected using the interference spectra in the middle ("MIR", from 2 to 25 µm) and near ("NIR", from 1.06 to 2 µm) infrared ranges, as well as the corresponding difference between the calculated and measured thicknesses. As is seen from Table VII the thickness correction value turns out to be extremely small for most of the samples not exceeding the error of direct measurement of the thickness. We estimate the average error of the refractive index determination resulting from the error of the samples thickness determination to be 1.3 × 10 −4 . The contribution of the remaining factors influencing the samples transmission spectra measurements and, accordingly, our calculation of the refractive index performed similarly to paper [31] , is found to be 10 times less and therefore is negligible.
Unlike the errors of thickness measurement and interference maxima orders determination, the error of the maxima positions determination is the only one exhibiting distinct frequency dependence: the latter error grows with the frequency decreasing (wavelength increasing) or in the absorption band vicinity and near the transparency range edges if any in the transmission spectra. To determine the maxima positions more exactly we restricted the range of the sample thicknesses used and spectrometer resolution to get not less than 20 experimental points between adjacent maxima in the corresponding transmission spectra. To estimate the influence of error of the maxima positions determination on the refractive index calculation, we determined the averaged difference between the refractive index values calculated for samples with different thickness. As an example, such a difference is presented in Fig. 6 for 28 Si samples.
VII. SUMMARY
In this work we have prepared and characterized highpurity single crystals of silicon stable isotopes, 28 Si, 29 Si, and 30 Si with enrichment above 99.9 at.%, and of silicon with natural isotopic composition, nat Si. For the first time the spectral dependences of the refractive index of all single crystals are measured in wide transparency range from 1.06 to about 80 µm including the phonon absorption region.
The results of our study prove the refractive index values of mono-isotopic silicon single crystals to differ considerably. This may provide a possibility of manufacture of multilayer wave-guiding and quantum-sized structures operating in the IR spectrum range from different silicon isotopes to solve various problems of electronics and fiber and integrated optics.
